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Abstract
In this paper we consider the fluid-dynamic limit for the Ruijgrok–Wu model derived from the
Boltzmann equation. We use new technique developed in [S. Hwang, A.E. Tzavaras, Kinetic decom-
position of approximate solutions to conservation laws: Applications to relaxation and diffusion-
dispersion approximations, Comm. Partial Differential Equations 27 (2002) 1229–1254] in order to
get the convergence. First, we obtain the approximate transport equation for the given kinetic model.
Then using the averaging lemma, we obtain the convergence. This paper shows how to relate the
given kinetic model with the averaging lemma to get the convergence.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we consider the fluid-dynamic limit for the Ruijgrok–Wu model derived
from the Boltzmann equation. This model was introduced by Ruijgrok and Wu [15]. In this
model, the gas is composed by two kinds of particles that move parallel to the x-axis with
constant and equal speeds c, either in the positive x-direction with a density u, or in the
E-mail address: seokhwan@math.usc.edu.0022-247X/$ – see front matter  2005 Elsevier Inc. All rights reserved.
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328 S. Hwang / J. Math. Anal. Appl. 315 (2006) 327–336negative x-direction with a density v. The space–time evolution of the densities u = u(x, t)
and v = v(x, t) is described by the system{
∂u
∂t
+ c ∂u
∂x
= −αu+ βv + γ uv,
∂v
∂t
− c ∂v
∂x
= αu− βv − γ uv, (1.1)
where (x, t) ∈ R × R+, with given non-negative initial data u(x,0) = u0(x), v(x,0) =
v0(x), and α,β, γ  0 are three parameters.
We are interested in the fluid-dynamic limit associated with the kinetic model (1.1)
which is achieved by rescaling α → α/ε, β → β/ε, γ → γ /ε. The system (1.1) becomes{
∂uε
∂t
+ c ∂uε
∂x
= − 1
ε
[αuε − βvε − γ uεvε],
∂vε
∂t
− c ∂vε
∂x
= 1
ε
[αuε − βvε − γ uεvε], (1.2)
where ε > 0 is the relaxation parameter. The macroscopic variables of the system for this
model are the mass density ρε = uε + vε and the flux jε = c(uε − vε). Since uε and vε
can be expressed in terms of ρε and jε , system (1.2) is equivalent to the following system
for the mass density and flux:{
∂ρε
∂t
+ ∂jε
∂x
= 0,
∂jε
∂t
+ c2 ∂ρε
∂x
= − 1
ε
B(ρε, jε),
(1.3)
where using
F(ρ) = c
[
ρ2 + 2β − α
γ
ρ +
(
β + α
γ
)2]1/2
− β + α
γ
c (1.4)
and
G(ρ) = c
[
ρ2 + 2β − α
γ
ρ +
(
β + α
γ
)2]1/2
+ β + α
γ
c, (1.5)
we have
B
(
ρε, jε
)= (α + β)jε − (β − α)cρε − γ c
2
(
ρε
)2 + γ
2c
(
jε
)2
= γ
2c
[
jε − F (ρε)][jε +G(ρε)].
Using the special form of G(ρ), Gabetta and Perthame [4] have shown that j + G(ρ)
is always positive. Therefore, in the zero relaxation limit (ε → 0+), system (1.3) can be
approximated to leading order by the equation
j = F(ρ) (1.6)
and
∂tρ + ∂xF (ρ) = 0. (1.7)
Indeed, in [4], under the following assumption on ρ0(x):∫ (
1 + x2)δρ0(x) dx = Cδ < ∞, 0 < δ < 14 , (1.8)
R
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equation (1.7). However, in this paper, without assuming the condition (1.8), we show the
convergence of ρε using a kinetic decomposition, that is based on the idea of extending
entropies (see [2,3]) and produces when ε → 0 the kinetic formulation with a bounded,
positive measure.
This limit is interesting for several reasons. Firstly, from a computational point of view,
because the Ruijgrok–Wu model’s shock waves are known, numerical methods can be
controlled on these exact solutions. Secondly, this model is particularly interesting to un-
derstand how the structure of the limiting equation arises and what difficulties the shock
waves and the appearance of initial layers may cause (in other words, the limits in the
solution formulas are not uniform far from it). The relaxation from a hyperbolic system
to another hyperbolic system of lower dimension has caught much interest after the work
of Liu [11], see also the paper by Chen et al. [2,3], or the relaxation in the kinetic theory
of scalar conservation laws which was carried out by Perthame and Tadmor [14]. A total
variation diminishing bound was proved for the case B(ρε, jε) = jε − F(ρε) by Natalini
[12]. For discrete velocity models, for example, see [7,10].
Such models are L1 contractions, [2,3,7,8,11,12,14], for which the proof of convergence
follows the general outline of Kruzhkov theory [8]. In this paper, we will show convergence
by using a different methodology developed in [5]. In fact, the theory of compensated com-
pactness (see [16]) says the compactness of a given family {uε} of approximate solutions
bounded in some Lp-norm (p > 1) are determined by compactness of the entropy dissipa-
tion measure in the sense
∂tη
(
uε
)+ ∂xq(uε) is precompact in H−1loc,x,t . (1.9)
In [5], they showed how the kinetic formulation compactness framework of Lions,
Perthame and Tadmor [9] can be easily adapted to analyze the structure (1.9). Following
the same idea, the approach that is developed here will show the relation between kinetic
system (1.3) and the kinetic formulation of scalar conservation laws developed in [9] (see
Theorem 2.5). This relationship is achieved through a decomposition of the entropy dissi-
pation via duality to arrive at an approximate transport equation:
∂t1
(
ρε, s
)+ F ′(s)∂x1(ρε, s)= −∂t(I ε + J ε)− ∂x(cI ε − cJ ε)+ ∂smε, (1.10)
where
1(u, ξ) =


10<ξ<u if u > 0,
0 if u = 0,
−1u<ξ<0 if u < 0
(1.11)
is the usual Maxwellian associated with the kinetic formulation of scalar conservation
laws, I ε, J ε → 0 in L2loc(Rx × R+t ;L2(Rs)) are error terms and mε is a family of pos-
itive bounded measures that captures in the limit the behavior on shocks. Convergence
is obtained via the averaging lemma of Perthame and Souganidis [13]. We prove that, as
ε → 0, ρε → ρ where u is an entropy solution of (1.7) and that the limiting behavior of
(1.10) encoding the entropy dissipation leads to the transport equation
∂t1(u, s)+ F ′(s)∂x1(u, s) = ∂sm in D′x,t,s . (1.12)
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order to get the convergence following a technique developed in [5] for relaxation ap-
proximation of Jin–Xin type [6] and diffusion–dispersion approximation. One important
difference is that here the kinetic decomposition is achieved through extensions of en-
tropies, and the approach applies to models like (1.3) where all equilibrium entropies can
be extended to entropies for the kinetic system (see also Bouchut [1]).
2. Fluid-dynamic limit
We study the relaxation behavior of the following system, a system of hyperbolic con-
servation laws with a singular perturbation source, given by{
∂tρ
ε + ∂xjε = 0,
∂t j
ε + c2∂xρε = − 1ε [jε − F(ρε)][jε +G(ρε)],
(2.1)
where
F(ρ) = c
[
ρ2 + 2β − α
γ
ρ +
(
β + α
γ
)2]1/2
− β + α
γ
c (2.2)
and
G(ρ) = c
[
ρ2 + 2β − α
γ
ρ +
(
β + α
γ
)2]1/2
+ β + α
γ
c. (2.3)
A direct computation shows∣∣F ′(ρ)∣∣ c (2.4)
and F(0) = 0.
First, we have the following global existence of solutions for (1.2).
Lemma 2.1 [4]. Let u0(x), v0(x)  0 belong to BV(R). Then the initial value problem
for system (1.2) has a unique global in time solution uε(x, t) 0, vε(x, t) 0 which are
uniformly bounded in BV(R). The following are valid:(
vε − α
γ
)
+

∥∥∥∥
(
v0 − α
γ
)
+
∥∥∥∥
L∞
e−βt ,
∫
R
(∣∣∂xuε∣∣+ ∣∣∂xvε∣∣)dx 
∫
R
(∣∣∂xuε0∣∣+ ∣∣∂xvε0∣∣)dx exp
(
2
γ
β
∥∥∥∥
(
v0 − α
γ
)
+
∥∥∥∥
L∞
)
.
Also, we have the following uniform estimates.
Lemma 2.2 [4]. Let u0, v0 ∈ BV(R) and let ρε, jε be the solutions to system (2.1). Then
we have
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cβ
γ
 jε +G(ρε)C,
∞∫
0
∫
R
[
jε − F (ρε)]2 dx dt  4ε
β
M0, (2.5)
where
M0 =
∫
R
(
α
γ
[
u0 − β
γ
log
(
1 + γ
β
u0
)]
+ v
2
0
2
)
dx.
Note that if we choose the initial data u0 ∈ L1(R) and v0 ∈ L2(R), then we have
M0 < ∞.
In the sequel we use the limiting case of the averaging lemma proved in Perthame and
Souganidis [13]:
Theorem 2.3. Let {fn}, {gi,n} be two sequences of solutions to the transport equation
∂tfn + b(ξ) · ∇xfn = ∂t ∂kξ g0,n +
d∑
i=1
∂xi ∂
k
ξ gi,n, (2.6)
where k ∈ N . Assume that b(ξ) ∈ C(R) satisfies the non-degeneracy condition: for R > 0,
ω(β) = sup
α∈R,ω∈Sd−1
∫
{|ξ |R}
(∣∣∣∣α + b(ξ) ·ωβ
∣∣∣∣
2
+ 1
)−1
dξ → 0, as β → 0. (2.7)
If {fn} is bounded in Lq(Rd ×R+ ×R), for some 1 < q < ∞, and {gi,n} is precompact
in Lq(Rd ×R+ ×R), then the average∫
R
ψ(ξ)fn(t, x, ξ) dξ is precompact in Lq
(
R
d ×R+),
for any ψ ∈ C∞c (R).
Remark 2.4.
(1) The non-degeneracy condition (2.7) is equivalent to, for all R > 0,
meas
{
ξ ∈ BR | α + b(ξ) ·ω = 0
}= 0, ∀α ∈R, ω ∈ Sd−1, (2.8)
where BR = {|ξ |  R}. The condition (2.8) can be interpreted geometrically, and
means that the curve ξ → b(ξ) ·ω + α is not locally contained in any hyperplane.
(2) In our case, easy computation shows that F ′(ξ) satisfies the non-degeneracy condition
(2.7) (or (2.8)).
Let H(ρ, j),Q(ρ, j) ∈ C1(R × R) be an entropy pair for the relaxation system that
extends the entropy pair η − q of (1.7):
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Qj = Hρ,
Qρ = c2Hj , (2.9){
H(ρ,F (ρ)) = η(ρ),
Q(ρ,F (ρ)) = q(ρ), (2.10)
H–Q have the property that (smooth) solutions of (2.1) satisfy
∂tH(ρ, j)+ ∂xQ(ρ, j)+ 1
ε
Hj (ρ, j)
[
j − F(ρ)][j +G(ρ)]= 0 (2.11)
and when ε → 0 they are expected to converge to the entropy dissipation of the limit
conservation law since j +G(ρ) is always positive.
The solution of (2.9)–(2.10) is computed easily: The general solution of (2.9) is{
H(ρ, j) = K(cρ + j)+L(cρ − j),
Q(ρ, j) = cK(cρ + j)− cL(cρ − j), (2.12)
for some functions K,L. Since η′(ρ)F ′(ρ) = q ′(ρ), we have{
K ′(cρ + F(ρ)) = 12c η′(ρ),
L′(cρ − F(ρ)) = 12c η′(ρ).
(2.13)
Define the functions wˆ(ρ) = cρ + F(ρ), z¯(ρ) = cρ − F(ρ). By (2.4), wˆ and z¯ are invert-
ible with inverse functions u = uˆ(w), u = u¯(z), that are strictly increasing and globally
Lipschitz and satisfy uˆ(0) = u¯(0) = 0. Hence,{
K ′(w) = 12c η′(ρˆ(w)),
L′(z) = 12c η′(ρ¯(z)).
(2.14)
Now we state the main theorem of this section. This result can be seen as a decomposi-
tion of (2.11) via duality.
Theorem 2.5. Let u0(x), v0(x) 0 belong to BV(R) and u0 ∈ L1(R) and v0 ∈ L2(R). We
then have
∂t
1
2c
(
1
(
cρ + j, cs + F(s))(c + F ′(s))+ 1(cρ − j, cs − F(s))(c − F ′(s)))
+ ∂x 12
(
1
(
cρ + j, cs + F(s))(c + F ′(s))− 1(cρ − j, cs − F(s))(c − F ′(s)))
= ∂s
(
1
2cε
[
1
(
cρ + j, cs + F(s))− 1(cρ − j, cs − F(s))][j − F(ρ)][j +G(ρ)])
=: ∂smε(ρ, j, s) in D′x,t,s , (2.15)
where mε is a bounded family of positive measures.
Proof. The proof uses representation formulas obtained via the extension of entropies.
First, note that
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∫
ξ
1(u, ξ)η′(ξ) dξ,
q(u)− q(0) =
∫
ξ
1(u, ξ)F ′(ξ)η′(ξ) dξ. (2.16)
Let η′ ∈ C∞c (R) be viewed as a test function and denote by ρ(x, t) = ρε(x, t), j (x, t) =
jε(x, t). Then, from (2.16) and (2.14),
H(ρ, j) =
∫
1(cρ + j, ξ) 1
2c
η′
(
ρˆ(ξ)
)
dξ +
∫
1(cρ − j, ξ) 1
2c
η′
(
ρ¯(ξ)
)
dξ
=
∫
1
(
cρ + j, cs + F(s)) 1
2c
(
c + F ′(s))η′(s) ds
+
∫
1
(
cρ − j, cs − F(s)) 1
2c
(
c − F ′(s))η′(s) ds.
A similar formula is obtained from Q(ρ, j). Finally,
Hj(ρ, j) = 12cη
′(ρˆ(cρ + j))− 1
2c
η′
(
ρ¯(cρ − j))
=
∫ 1
2c
(
1
(
ρˆ(cρ + j), ξ)− 1(ρ¯(cρ − j), ξ))η′′(ξ) dξ,
which implies that, for ϕ ∈ C∞c (R×R+),∫
x,t
1
ε
Hj (ρ, j)
[
j − F(ρ)][j +G(ρ)]ϕ dx dt = −〈∂ξmε,ϕ(x, t)⊗ η′(ξ)〉,
where
mε = 1
2cε
(
1
(
ρˆ(cρ + j), ξ)− 1(ρ¯(cρ − j), ξ))[j − F(ρ)][j +G(ρ)]
= 1
2cε
(
1
(
cρ + j, cξ + F(ξ))− 1(cρ − j, cξ − F(ξ)))[j − F(ρ)][j +G(ρ)].
Then we have〈
∂t
1
2c
(
1
(
cρ + j, cs + F(s))(c + F ′(s))+ 1(cρ − j, cs − F(s))(c − F ′(s)))
+ ∂x 12
(
1
(
cρ + j, cs + F(s))(c + F ′(s))
− 1(cρ − j, cs − F(s))(c − F ′(s))), ϕ ⊗ η′〉
= 〈∂smε,ϕ ⊗ η′(s)〉.
Since the subspace generated by the direct sum test functions ϕ ⊗ η′ is dense in C∞c (R×
R
+ × R), this bracket is extended to test function θ(x, t, s) ∈ C∞c (R× R+ × R). So, we
obtain the approximate transport equation (2.15).
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increasing, we have
ρˆ(cρ − j) < ρ¯(cρ − F(ρ))= ρ = ρˆ(cρ + F(ρ))< ρ¯(cρ + j). (2.17)
By contrast, when j < F(ρ) all inequalities are reversed. Since the function 1(·, ξ) is
increasing and j +G(ρ) is positive by Lemma 2.2, it follows easily that mε  0.
For θ(x, t, ξ) ∈ C0 with |θ | 1, we have
∣∣〈mε, θ 〉∣∣= ∣∣∣∣
∫
x,t,ξ
1
2cε
(
1
(
ρˆ(cρ + j), ξ)− 1(ρ¯(cρ − j), ξ))
× [j − F(ρ)][j +G(ρ)]θ dx dt dξ ∣∣∣∣

∫
x,t
[
j − F(ρ)][j +G(ρ)]
× 1
2cε
(∫
ξ
∣∣1(ρˆ(cρ + j), ξ)− 1(ρ¯(cρ − j), ξ)∣∣dξ)dx dt
=
∫
x,t
1
2cε
[
j − F(ρ)][j +G(ρ)]∣∣ρˆ(cρ + j)− ρ¯(cρ − j)∣∣dx dt.
The last term is bounded, because by (2.17),∣∣ρˆ(cρ + j)− ρ¯(cρ − j)∣∣O(1)[j − F(ρ)],
and by Lemma 2.2,
j +G(ρ)O(1),∫
x,t
1
ε
[
j − F(ρ)]2 dx dt O(1). 
We obtain compactness of approximate solutions by using the averaging lemma:
Corollary 2.6. Let the assumption in Theorem 2.5 be satisfied. Then ρε converges to ρ in
L
p
loc(R×R+), 1 <p < ∞, and ρ is an entropy solution of (1.7).
Proof. Let
I = 1
2c
[
1
(
cρ + j, cs + F(s))− 1(cρ + F(ρ), cs + F(s))](c + F ′(s)),
J = 1
2c
[
1
(
cρ − j, cs − F(s))− 1(cρ − F(ρ), cs − F(s))](c − F ′(s))
and note that
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2c
[
1
(
cρ + F(ρ), cs + F(s))(c + F ′(s))+ 1(cρ − F(ρ), cs − F(s))(c − F ′(s))]
= 1(ρ, s),
1
2
[
1
(
cρ + F(ρ), cs + F(s))(c + F ′(s))− 1(cρ − F(ρ), cs − F(s))(c − F ′(s))]
= F ′(s)1(ρ, s).
The approximate transport equation (2.15) can be rewritten as
∂t1
(
ρε, s
)+ F ′(s)∂x1(ρε, s)= −∂t(I ε + J ε)− ∂x(cI ε − cJ ε)+ ∂smε. (2.18)
But, we have, for any compact subset K of R×R+,∫
K
∫
s
∣∣I ε(x, t, s)∣∣2 ds dx dt  C ∫
K
∫
ξ
∣∣1(cρ + j, ξ)− 1(cρ + F(ρ), ξ)∣∣2 dξ dx dt
= C
∫
K
∣∣F(ρ)− j ∣∣dx dt
 C|K|1/2
(∫
K
∣∣F(ρ)− j ∣∣2 dx dt)1/2 = O(ε1/2).
So, I ε, J ε → 0 in L2loc(Rx × R+t ;L2(Rs)), the latter coming from a similar argument.
mε is bounded in measures and precompact in W−1,ploc (Rd × R+ × R), for 1  p < d+2d+1 .
By the averaging lemma (Theorem 2.3), we conclude that∫
ξ
1
(
ρε, ξ
)
ψ(ξ)dξ is precompact in Lploc, 1 <p <
d + 2
d + 1
for ψ(ξ) ∈ C∞c (R).
Let R be a large positive number and consider ψ ∈ C∞c (R) such that ψ = 1 on (−R,R)
and 0ψ  1. Then∣∣∣∣ρε −
∫
R
1
(
ρε, ξ
)
ψ(ξ)dξ
∣∣∣∣=
∣∣∣∣
∫
R
1
(
ρε, ξ
)(
1 −ψ(ξ))dξ ∣∣∣∣

∞∫
R
∣∣1(ρε, ξ)∣∣dξ +
−R∫
−∞
∣∣1(ρε, ξ)∣∣dξ
= (ρε −R)+ + (ρε +R)−.
Moreover,
∫ (
ρε −R)+ + (ρε +R)− dx dt  ∫
|ρε |>R
∣∣ρε∣∣dx dt  1
R
T∫
0
∫ ∣∣ρε∣∣2 dx dt  C
R
.
We conclude that {ρε} is Cauchy in L1 .loc,x,t
336 S. Hwang / J. Math. Anal. Appl. 315 (2006) 327–336Since ρε ∈ L∞x,t , it follows that (along subsequences) ρε → ρ in Lploc,p < ∞, and al-
most everywhere and that ρ ∈ L∞x,t , Next, we pass to the limit ε → 0 in (2.18). Along a
further subsequence mε ⇀m weak- in measures; it follows
∂t1(ρ, s)+ F ′(s)∂x1(ρ, s) = ∂sm in D′x,t,s , (2.19)
and ρ is the unique entropy solution of (1.7). 
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